The RG-2 flow is the two-loop approximation for the world-sheet non linear sigma model renormalization group flow. The first truncation of the flow is the well known Ricci flow, at two loops higher order curvature terms appear, changing almost completely the behaviour of the evolution equation. In this article we study the RG-2 flow in the context of general relativity. Contrary to what happens with the Ricci flow the RG-2 flow theory has not been studied exhaustively, and from the mathematical point of view there are big differences between both flows. Considering a time symmetric foliation of an asymptotically flat spacetime we show that the area A of a closed two dimensional surface S is monotonous under the RG-2 flow, refining and extending the previous results already known for the Ricci flow, we also discuss about the possibility of extending the result to all loops. We show that the inequality relating the area of the surface S and the Hawking mass already found for the Ricci flow is still satisfied when we make evolve the area under the new flow. Finally, we discuss about the Perelman's W -entropy for the RG-2 flow and the physically motivated path towards the gradient formulation of the RG-2 flow.
Introduction
Geometric flows have been a powerful tool for dealing with problems in the context of the so called geometric analysis, where the analytic theory of partial differential equations is used for solving geometric problems. The most famous one, the Ricci flow, has been employed for giving a proof of the Thurston's geometrization conjecture [1] [2] [3] . Originally postulated by Hamilton [4] , the flow has been studied extensively, and has become a field of study in itself. See [5] [6] . The Ricci flow is an evolution equation that deforms riemannian metrics using its Ricci tensor. This equation has many similarities with the heat equation, in the sense that it does not have memory of initial conditions and smooths out the irregularities. The appealing of this flow is the property of converging (after a finite number of "surgeries" )to a canonical geometries. Since the work of Perelman several articles have deal with applications of Ricci flow in physics, see for example: [7] [8] [9] , in part because of Perelman's acknowledging about his inspiration on the theory of the non-linear σ-model. This gave another clue for relating the Ricci flow with the renormalization group flow for a QFT, indeed the first approximation (one loop) for the renormalization group flow of the 2-dimensional non-linear σ-model is the Ricci flow. One of the most important properties of the RG flow is its irreversibility, and it is believed that entropy is directly related to this property, the Zamolodchikov's c-theorem [17] in two dimensions give us the monotonicity of certain C-function (depending on the coupling constants and the renormalization scale), under the RG flow. In particular, this C-function takes the same vale as the central charge c of a CFT corresponding to a fixed point of the RG flow. Similarly, in three dimensions the F-theorem [20] states the monotonicity of a F-function under the RG flow, this function takes the same value as the sphere free energy of the CFT corresponding to each fixed point of the RG flow. An analogous result can be found in four dimensions, it is called the a-therem [18] [19] , those results imply that the number of effective degrees of freedom monotonically decreases along RG flows -in the theory space of QFT-. Usually the monotonicity of the c-functions is a consequence of the strong subaditivity and Lorentz invariance of the QFT. This kind of results suggest that studying the monotonicity under some flow of an appropriate quantity could give us a lot of information. All the previous cited results are realized in a CFT, however if the RG flow corresponds to the quantization of a purely geometrical theory-such as the non-linear σ-model, there should be similar results about monotonicity, although the techniques for dealing with this kind of problems will be different. We could take inspiration from other geometrical monotonicity results, particularly interesting are the results of monotonicity under the Inverse mean curvature flow. Using this flow geometric entropy bounds have been determined, being the proof of the riemannian Penrose inequality a prominent example. In this proof, one of the pivotal results was the monotonicity of the Hawking mass under the flow, and with this at hand mathematicians were able to show the existence of the flow and and its weak formulation, see [11] [10] [12] [13] [16] . For a review and applications of the Penrose-type inequalities see [15] . The Penrose inequality has not been proved in full generality, a proof of the inequality could give (maybe indirect) support to the weak cosmic censorship conjecture. Moreover, a generalization to AdS spaces has not been done, although a recent result [21] shows, using the inverse mean curvature flow, that the renormalized entanglement entropy of any region of a CFT is bounded from above by a weighted local energy density. They found a 'subregion' Penrose inequality for asymptotically locally AdS spacetimes.
If we consider the two loop approximation for the renormalization group flow of the 2-dimensional nonlinear σ-model we obtain the RG-2 flow. This RG-2 is quite more complicated than the Ricci flow and it has not been studied broadly. In this article we want to study the evolution under the RG-2 flow of geometrical quantities in the context of general relativity. In particular we want to see how the addition of the second order term in the beta functions of the flow changes the behaviour of the evolution of the area of a compact surface, that in some cases, it can be identified with the area of a outermost horizon and therefore the entropy of a black hole. On the way we will see if the new flow gives a hint for a new proof of the riemannian Penrose inequality. Moreover, we want to see if a certain type of Perelman entropy is monotonous under the RG-2 flow, with the results at hand we would like to have a clue for the gradient formulation of the RG-2 flow, which is an open mathematical problem. Since the RG-2 flow is a generalization of the Ricci flow, which includes higher order corrections in the curvature, part of our work will represent a generalization of the results already obtained for the Ricci flow. The generalization is not direct, we rely on many mathematical theorems, but contrary to what happens with Ricci flow there are not so many results about the controlled behaviour of the new flow. The RG-2 flow is not weakly parabolic and therefore the existence of solutions is not guaranteed for all times. Moreover there are results for the existence of the so called eternal solutions only in two dimensions, see [22] . In the study of non-linear σ-models it is known that near points of higher curvature the Ricci flow is no longer a good approximation for the RG flow, and therefore it should be replaced by a geometric flow involving more fields or higher curvature terms. The former is an active filed of mathematics, and it could help to address problems such as the charged Penrose inequality, and the latter is the intuitive way of generalizing to higher curvatures, which depending on the curvature could behave very different compared with the case for the Ricci flow . In section 2 we give a review of the RG-2 flow, we focus in the evolution of a fixed constant curvature metric to see how the existence of short time solutions is guaranteed. In section 3 we study the evolution of the Hawking mass and the evolution of the area of a closed surface under RG-2 flow, we will always compare with the spherically symmetric case. Here we derive inequalities relating the rate of change of the area , the Hawking mass and Curvature scalars. In section 4 we conclude with the discussion of the results and general remarks.In the appendix we give a very short introduction to the gradient formulation of the Ricci flow and the geometrical interpretation of the Perelman's W-entropy, giving some hints about the Gradient formulation for the RG-2 flow.
The RG-flow
Here we provide a brief introduction to the RG-2 flow and the non-linear sigma model. We will focus on compact riemannian manifolds and then try to apply the results to asymptotically flat manifolds. Let (M n , g) be a riemannian manifold and let Σ be a two dimensional Riemannian surface with metric γ. We define a smooth map φ : Σ → M n between the surface (Σ, γ) and the riemannian manifold (M n , g), we also define a functional S :
The functional [2.1] is the general bosonic nonlinear σ-model action. Here, 0 < α = T 2 , where T is the tension of a bosonic string. (Σ, γ) is usually called the worldsheet and (M n , g) the target space. This is the most simple non linear sigma model, it is usually assumed that both, the target Riemannian manifold (M, g) and the worldsheet surface (Σ, γ) are compact, orientable and without boundary. The scalar fields φ i are taken as elements of the space of smooth maps C ∞ (Σ, M n ). In the process of perturbatively quantizing the action (2.1) it is necessary to introduce a momentum cuttof Λ, with this regularization the divergent section of the theory is confined to a term with the logaritmic energy log Λ which multiplies the Ricci tensor R ij ,then the target space metric becomes dependent of the cutoff, this cutoff Λ parametrizes a family of quantum field theories as the distance scale changes from 
The beta functions β ij will be given perturbatelly, if we want to calculate higher order terms for the beta functions we have to consider Feynamnn diagrams at more loops. See [23] for a good introduction to the quantum nonlinear σ-model. For example, at three loops, the β ij -function for the nonlinear bosonic sigma model can be written [24] :
where
In this work we will consider the 2-loop beta functions, thus the right hand side of the flow equation (2.2) becomes: 5) then, the renormalization group flow equation (2.2) is, after a reescalation in λ:
The flow defined by (2.6) is called the RG-2 flow and represents the first next to leading order contribution to the RG flow of the nonlinear sigma model, the RG-1 (1-loop flow) is the Ricci flow [25] . The PDE system of the coefficient metrics corresponding to the RG-2 flow is not weakly parabolic, therefore the addition of the De-Turck term to the flow does not change the equation into a parabolic one, implying that the initial value problem for compact manifolds generally is not well-posed, however we will see that there is a way of adapting the DeTurck trick and use it for proving weak parabolicity. The Ricci flow has been used as and approximation for the full renormalization group flow, however when curvature is high -even for small values of α-the Ricci flow is not a good approximation anymore, we need to take into account the next to leading order in α contribution. It is known [34] that when Rm 2 ij reaches the value near to 2 α the solutions of the RG-2 flow behave as the ones for the Ricci flow, but the families of solutions with large negative curvature behave very differently. There are some special zones where the flow is weakly parabolic, for example, it has has been proven for any dimensions that the RG2-flow is weakly parabolic in the zones where 1 + αK ij > 0 . [28] , where the K ij are the sectional curvatures of the riemannian manifold, this is the result that we will be using through the entire article. The evolution under RG-2 flow of the volume element dµ is given by [27] 
here R denotes the scalar curvature of the manifold. Acoording to (2.7) if R > 0 the volume element decreases but when R < 0 the rate of change can be positive or negative depending on the curvature and the factor 2 α
. Since the initial formulation of General Relativity requires it we will be interested in the case R > 0.
Constant curvature solutions, fixed points and solitons
In the previous section we cited some results that ensure the existence of solutions, but if we want RG-2 flow to be useful in Physics we should be able to characterize at least some simple solutions. To get a taste about the evolution under the RG-2 flow we will study a simple example. The simplest solutions (after the fixed points) are the constant curvature solutions. There is a mathematical proof for the existence of eternal solutions in two dimensions [26] ,and although the most general case has not been studied there are some results that can help us for understanding the behaviour of our flow. The constant curvature case is studied in [34] , see also [27] . There is a simple characterization for metrics satisfying g(λ) = f (λ)g K , where g K is a fixed constant curvature K metric. In d−dimensions the function f (λ) has to be of the form: 8) and it will develop a singularity in a finite time T given by the expression
The collapsing time T given in (2.9) determines the finite time when the metric g(λ) will develop a singularity, and it works only for the case when K is not equal to zero or − 2 α .
As an example, let us consider a metric given by
The 3-dimensional metric (2.10) corresponds to the time symmetric foliations of FriedmanRobertson-Walker type spacetime. In this case the condition g(λ) = φ(λ)g K is satisfied for a = a(λ) and g K given by
Using eq.(2.8) we found that a(λ) is given by 12) where W −1 is one of the branches of the Lambert function 1 . Depending on the values of K and α the flow will have different particularities. When K > 0 the sphere of constant curvature shrinks to a point in a time given by (2.9). Interestingly, since αK 2+αK > 0 for α > 0 the time to singularity is smaller than the corresponding time for the same geometry under Ricci flow. The time for collapsing depends directly on the curvature, if curvature is very big, then the time for collapsing is very small, in the limit when K goes to infinity the time for collapsing goes to zero. In physical applications α is always positive (it corresponds to the inverse of the length of a string). When K < 0 and 2 + αK < 0 the curvature K is very big and negative, then the metric collapses to a point in finite time. Here we have an example of a space which is not singular under Ricci flow -under this flow it expands forever-, but under RG-2 it develops singularities. We will see that this fact changes completely the behaviour of geometric quantities under the RG-2 flow. For the case when K < 0 and K > − α 2 , K can be very small and therefore the geometry behaves very similar as under Ricci flow. Finally, when 2 + αK = 0 and K < 0 we have a fixed point. As we have seen there are some regimes where the RG-2 flow behaves as the Ricci flow, in any case, when we set α to zero we should recover the results of Ricci flow. As we pointed out the simplest solutions are the fixed points of the flow, since we want to relate them with the gradient formulation of the flow we will give here a brief description.
A fixed point of the equation (2.6) is a solution that does not change in time. Some of the fixed points of the RG-2 flow are well know: metrics with negative Ricci curvature. In 3-dimensions, the fixed point equation can be written:
Diagonalizing the Ricci tensor as a function of an orthonormal basis, it has been shown [27] that there are four solutions to the equation (2.13), three of those solutions have been identified, they are: IR 3 ,IH 3 and IH 2 × IR. If we want to use geometries more complex than those of the fixed points we should be able to study solutions that evolve self-similarly. Those kind of solutions are called solitons, they are very important and have not been studied in depth. For a steady gradient soliton h 0 that at λ = 0 satisfies
for a given function f 0 = f (0), there exist a gradient soliton h λ (with gradient function f λ ) whose initial data is given by h 0 and f 0 . If the manifold M where both solitons are defined has constant curvature then, there is always a solution to the RG-2 flow equation. Although there is not known a gradient formulation for the RG-2 flow we will argue in favour of this, and also we will give some clues for the deformation of the flow in order to get some hints about this formulation, see appendix A.
RG-2 flow and entropy
We have introduced the RG-2 flow with all results stated for compact manifolds, but if we are interested in the mass and entropy of black holes for example, we should consider non compact manifolds.
Initial data
Here we will consider an asymptotically flat riemannian manifold (M, h ab (λ)) with dimension three (a,b =1,2,3). The RG-2 flow given in eq.(2.6) will make evolve the three dimensional metric h ab giving a parametric family of metrics. This evolution equation involves a fully non-linear second order differential operator L.h, then the evolution equation
will admit a solution for a given time if the linearized operator around the initial data is elliptic. In [28] the authors show that there is a zone where the operator L is weakly elliptic, and therefore the DeTurck trick can be applied, proving that the Cauchy problem of the evolution of a three dimensional, smooth, compact riemannian manifold is equivalent to a Cauchy problem for a strictly parabolic operator, only in the zones where 1 + αK ab > 0. The RG-2 flow eq.(2.6) with a DeTurck term becomes:
where V a is the de-Turck vector, which will be required to decay at infinity. Moreover, we will call the RGo-2 flow to the following
which is parabolic in the zones where αK ab > 0. We have to make sure that our flow evolves the geometric quantities of interest in a controlled way. According to the initial value formulation of general relativity, we can choose a spacelike hyper-surface Σ, which represents a foliation (an instant) of space-time, and a metric describing the intrinsic geometry of Σ, then our flow is an intrinsic flow in the resulting 3-dimensional space. The space-time metric g αβ induces a metric h ab over Σ and as usual it is given by
here e α a and e β b are tangent vectors to the surface. The six components of h ab are determined by the pull-back of g αβ and the four remaining components remain free.This formulation incorporates the two symmetric tensors h ab and K ab defined in the space-like surface Σ. Here K ab is the extrinsic curvature of Σ. They are constrained by the Einstein equations and by the two following relations:
where J b is the matter current and ρ is the matter density. There are evolution equations for h ab and K ab , but since we are interested in the RG-2 evolution in a fixed foliation of the spacetime we will not consider such equations. We will consider a time symmetric initial data (Σ, h ab ), which means that the extrinsic curvature has to be set to zero, thus (Σ, h ab ) is totally geodesic. Setting to zero the matter current we arrive at the only condition needing to be satisfied:
Usually the energy conditions imply the non-negativeness of the matter density, which in its turn -because of equation (3.7)-implies the non negativeness of R. It is desirable that our flow preserves this property of the scalar curvature R. There are some results that helps to control the evolution of the curvature under the RG-2 flow, although the most general case has not been proved there are some results that shows that our flow will maintain the sign of the scalar curvature [28] [22]
Local geometric quantities
Let S be a closed surface on Σ, we call γ ij to the induced metric on S, R is the scalar curvature of S and K is the trace of the extrinsic curvature K ab .We are interested in local quantities (mass) and its evolution.
For defining a local mass we should be able to find a functional L depending on the metric and its derivatives such that
Nobody knows an L that makes M satisfying all properties required for being a local mass. There are some good definitions of quasi-local masses, meaning that they satisfy almost all properties required. One remarkable example is the Geroch mass which has been used by Geroch for giving a proof of the positivity of ADM mass, this Geroch mass is a nonLorentz invariant modification of the Hawking mass. We will study the evolution of the Hawking mass, which is related to the energy, it is defined for any closed surface S and has the interpretation as the mass contained within the surface S. The Hawking mass is monotonic along the inverse mean curvature flow [11] , this fact has been used to give a proof of the Riemannian Penrose inequality for a single black hole by Huisken and Ilmanen [12] , later on Bray did it for the multiple black hole case. [13] . Moreover, the Hawking mass is monotonic on asymptotically null or hyperbolic hypersurfaces [14] or in a general spacetime [15] [16], all those properties make the Hawking mass a very convenient quantity for making evolve under RG-2 flow. Given a closed surface S its Hawking mass is given by
where the θ ± are called the null expansions of S and A is the area of S, which is given by
The equation (3.9) can be written as
It is customary to use the compactness C(S), a dimensionless quantity given by
The compactness have been used before in the proof of the riemannian Penrose inequality and in the proof of the positive mass theorem, it goes to zero when S tends to a sphere of small radius, it also has a physical interpretation [35] .
The initial metric
The easiest type of metrics that we can make evolve are the homogeneous spaces, in this case the non linear PDE's become ode's, and are much more easily solved. The behavior of Ricci Flow in two, three,four and five dimensional homogenous manifolds has been studied and it is mostly understood [31] [32] [33] . Similarly, the study of homogeneous compact manifold under RG-2 flow have been studied [34] [36] [37] . However, we want a little bit more freedom when applying our flow to spacetime metrics which are asymptotically flat, because in this case a homogeneous space will be flat everywhere. On the other hand, spherical symmetry helps to reduce our variables to two, namely r and λ and it also allows working with non-trivial spaces. Following [38] and using the notation given in [35] we will define two types of metrics, referring to different choices of coordinate gauge, the a form of the metric and the b for of the metric. In the a form of the initial metric of the spacelike foliation is ds 2 = a(r, λ)dr
where dΩ 2 2 = (dθ 2 + sin 2 (θ)dφ 2 ). The Ricci scalar R and the non-zero components of the tensors R ij , Rm ij are R = 2 r 2 − 2 r 2 a + 2a ra 2 , (3.14)
R rr = a ra , Rm r,r = a 2 r 2 a 3 , (3.15)
We will use this metric for the evolution of the Hawking mass and can be used for the evolution of the ADM mass [30] . Thus, the Hawking Mass on this metric for a sphere S of constant radius r can be written as
. we can write M H (S) = M (r) and then the compactness eq.(3.12) becomes:
The two quantities C(S) and M H (S) will play a crucial role in the present work. The a metric is not suitable for studying apparent horizons, for this case the b form is used. The initial metric on this form is
Similarly, the non zero components of the quantities R ij , Rm ij and the scalar curvature R are :
The Hawking mass of a sphere S ⊂ Σ of constant radius r on this metric is given by [35] M H (r) =
When b = r 2 we recover flat space and then M H (r) = 0. The compactness C(r) becomes
Now we can start making geometrical quantities evolve under our flow. Depending of what we need we will be using the a-form or the b-form of the metric.
Area of apparent horizon under RG-2 flow
Let us consider a metric in the b-form, we will make evolve a fixed ( dλ dr = 0) surface S on Σ under the RG-2 flow, but before calculating the evolution of the area we would like to know if the RG-2 flow make minimal surfaces appear. Let us assume that there is an apparent horizon in r = r a . If n i is the radial, unit normal to the surface horizon then the trace of the extrinsic curvature is
Using the condition K = 0 for the existence of an apparent horizon at r = r a ,we conclude
It is known that the Ricci flow cannot make appear a minimal surface if it was not present at the beginning of the evolution [35] , we will adapt the proof for the Ricci flow for the case of the RG-2 flow, although with some modification we will see that the result holds. The radial and angular components of the RG-2 flow given in eq.(3.2) are,
from the eq.(3.30) we obtain
taking V r = ∂ r f and using the r component of the flow eq.(3.29), we can take f such that
The eq.(3.30) now becomes
then, after derivation with respect to radial coordinate, equation (3.33) becomes
Now, let us assume that b > 0 for all r < r a , we also assume that at r = r a it appears a minimal surface, therefore b (r a ) = 0. Due to the fact that b decreased to zero we have ∂b ∂λ (r a ) < 0. On the other side, we have b (r a ) = 0 (since r a is a minimum of b ), and also b (r a ) > 0. With all this, and using (3.35) we can see that . From the previous reasoning it is clear that trapped regions cannot spontaneously appear because of the flow. As in the case of the Ricci flow, the RG-2 flow does not make appear any trapped surface, and if there is any present at the beginning of the flow, the evolution under the flow makes it disappear. Once we have shown that no apparent horizon appears because of the evolution under the flow, we would like to know how a minimal surface evolves under the RG-2 flow. We will assume that during the evolution r a = r a (λ), this takes into account the case when the location of the horizon changes. Thus, the area A(r) = 4πb can be made evolve with a general flow:
using the RGo-2 flow (without the DeTurck term):
we found
Using the condition(3.28) and since b < 1 we get after multiplying the equation by 4π
Now, since α > 0 we can conclude that the area of an apparent horizon decreases under the RGo-2 flow, but the rate of decreasing is not constant as in the case of Ricci flow.
In the flat metric case (b = 1) the rate is slightly modified by the parameter α. We will see the difference between the flows when b is big enough, and in any case, when there is a minimal surface present the RGo-2 flow make it disappear. We can conclude that if the horizon persist then the area goes to zero in a finite λ but faster than in the case of the Ricci flow. In the case when b → 0 we will approach the singularity, and since the term corresponding to the RG-2 flow goes to zero (αb 2 → 0) we recover the Ricci flow and therefore an apparent horizon that remains under RG-2 flow results in a singularity in a finite λ.
Area under RG-2 flow
Let us consider Σ an asymptotically flat manifold with one end at infinity. We also take a closed orientable surface S ⊂ Σ with metric γ ij , which will be the induced metric of h ab on S. As before we denote K ij the extrinsic curvature of S and K = K ij γ ij its trace. If we make evolve the metric h ab (the metric for Σ)under an intrinsic flow we should expect that the unit normal vector to S will change with the flow, thus, we want to know how the area changes with λ while the metric h ab evolves under the RG-2 flow eq.(2.6). The particular case for the evolution under Ricci flow was considered in [35] . Following the same notation as in [38] we can define our surface S as the level set of a function Φ on Σ. This function Φ is taken as strictly increasing outward from S. The unit normal n a is given by n a = Φa √ (ΦΦ) and it will depend on the metric. The general variation of the area eq.(3.10) is given by [35] :
The expression for the evolution of the area given in eq (3.40) can be used for any kind of intrinsic flow, for the case at hand we just have to replace dh ab dλ using eq.(2.6). We should get the already known expression for the Ricci flow plus a term of higher order curvature multiplied by α, then in the limit when α goes to zero we must recover the Ricci flow case. The variation of the area of S under RG-2 flow is given by:
Here we have to be careful, in the case of the Ricci flow the existence of an ancient solution was established for all λ, however for the RG-2 flow there is only a particular zone where the flow is weakly parabolic and we can only assure the existence of the solution for a finite time. Using the Gauss-Codazzi equations in (3.41): 42) and the identity
we arrive to
It would be helpful to use some type of Gauss-Codazzi equations for the higher order terms, however there is a way of simplifying the expression term by term. The Kretschmann scalar Rm 2 in d−dimensions can be written as:
where C abcd is the Weyl tensor (it vanishes in three dimensions). Moreover, the term Rm 2 ab in three dimensions can be written as a function of the Ricci tensor and the scalar curvature, see eq.(2.13). After some massaging we arrive to:
Rearranging some terms and using the identity
we can write
All terms are of definite sign therefore we establish the following inequality
The inequality (3.49) is one of our main results and it is also saturated by the Schwarzschild solution. It refines the result already obtained in [35] where, under the evolution Ricci flow, the following bound was found:
Our result shows that the rate of change of the area under the RG-2 flow is bigger than the rate under the Ricci flow, and therefore the area of a compact surface shrinks to a point faster than in the case of Ricci flow. As we consider more loops the rate of change will increase, therefore the term 1 4 C(S) will represent an upper bound for all loops. From (3.49) we also obtain the inequality
The inequality (3.52) is not easy to interpret, the quantity C RR is some kind of "compactness", however it includes the curvature R of the ambient manifold. It cannot be saturated by the Schwarzschild metric, and as we increase the number of loops it will appear more terms and therefore more bounds, however none of those bounds will be saturated by the Schwarzschild solution. In order to get an insight about this higher order term let us see what happens when our surface S is a sphere. In this case we found that the variation for the area eq (3.10) under RG-2 flow is:
where C is the compactness defined in eq.(3.12). Since R > 0 we arrive to
The inequality (3.54) can be written as a function of the Hawking mass
We can see that the presence of the term with α pushes down the bound for the area rate change under the flow. As we expected the convergence to a singularity will be faster than the case with only the Ricci flow term. Since all terms have a definite sign we also have the bound
Due to the fact that when b → 0 we approach the singularity, we can see from (3.56) that the part multiplying α goes to infinity, making the surface shrink to a point very fast. The new quantity C RR involves not only the geometric information concerning the surface S but also the information about curvature of the ambient manifold, but as we see in the spherical case it can be recast as a positive quantity multiplied by α. We conjecture that after the second loop contribution every quantity is of definite sign, therefore (3.49) will be satisfied to all loops.
Hawking mass under RG-2 flow
Here we develop a formula for the evolution of the Hawking mass given in (3.9) under RG-2 flow. It is clear that the evolution of Hawking mass can be computed using the variation of the area eq. (3.10) and the variation of the compactness eq.(3.12). Since the term d 2 x √ γR is a topological invariant it vanishes after differentiation, then the general evolution of compactness under RG-2 flow is given by [35] :
The equation (3.57) works for any intrinsic flow, here we are interested in the RG-2 flow, and as usual we should recover the Ricci flow case when α → 0. After substitution of (2.6) into (3.57) we found:
After some simplifications we obtain
Once we have calculated the variation of the area and the variation of the compactness we can calculate the variation of Hawking mass as follows:
We know that compactness is not monotonic under the Ricci flow, adding a term that can be very big near a singularity could change this fact, however we saw that the extra terms that appear because of the new flow are of definite sign and therefore cannot make compactness monotonic under RG-2 flow.
Conclusions and final comments
We have studied the behaviour of the two loop renormalization group flow in the context of general relativity, focusing in asymptotically flat spaces we have generalized the results obtained for the Ricci flow in [35] , being the inequalty (3.49) one of the main results, this inequality was know to be satisfied when we make evolve a closed surface under the Ricci flow, but now we know that it is also satisfied when the evolution is under RG-2 flow, and there are strong reasons to believe that the inequality is going to be satisfied at all loops. Some results for the Ricci flow are also extended to the RG-2 flow, one of them is about the type of surface that we make evolve, if the surface S is an outermost horizon we can identify it with the area of a black hole horizon, our result show that an outermost horizon always shrink to a point when evolved by the RG-2 flow, but only in the zones where sectional curvatures satisfy 1 + αK ab > 0, it implies that the black hole entropy-as it is related with the area-is monotonously (decreasing) under RG-2 flow. Although, we would expect that the entropy increases along the flow it is not clear how we can relate the irreversibility and the entropy in the case for the RG-2 flow.
We have made evolve a closed surface under RG-2 flow and since the entanglement entropy for the two sub-systems separated by the surface is proportional to the area of the surface -it also depends on the UV cutoff-our results can be used for studying the evolution of entanglement entropy in a similar way that has been done with the Ricci flow in [43] . We expect similar results although there is not a clear way in how to approach the study with the new flow. There is a connection between entanglement entropy and thermal entropy, and in some way the evolution results obtained for entanglement entropy will be related to those for the thermal one. The analogy is not perfect, in the UV limit both entropies are not related at all, however in the IR limit the entanglement entropy is made of two parts: the thermal entropy corresponding to the Bekenstein-Hawking entropy of the dual black hole geometry and the remaining quantum entanglement near the entangling surface which is small compared with the thermal entropy in the IR region [44] . Extending the calculations from two loops to higher loops is straightforward, although it is going to be cumbersome. We found another inequality which is not saturated by the Schwarzschild solution but it could give important information about the evolution relation between the ambient manifold and a surface defined on it. It will be interesting to see how this quantity evolve under RG-2 flow. Studying the behaviour of the metric under the RG-2 flow near the points with higher curvatures could give a clue about the singularities developed by the flow and how to treat them. Global quantities such as the ADM mass have been stuided in the context of the Ricci flow [29] [26], and it would be interesting to know how the effects of higher curvature terms change the results [30] . We also have discussed about the gradient formulation of the RG-2 flow, this formulation is an open mathematical problem and we think that higher order gravities will give a clue in finding the formulation, a good start is the Einstein Gauss-Bonnet gravity coupled to a scalar field, clearly it will involve a non linear heat equation.
Appendix
A W-entropy and the RG-2 flow
The intrinsic flows such as Ricci flow and RG-2 flow provide an analitic way of deforming a metric by smoothing the zones with higher curvatures, in a similar way that the heat equation tends to smooth(homogenize) the temperature of a surface geometric flows homogenize the curvature. This analogy goes far beyond that, in Perelman's work, the introduction of a W-entropy was pivotal, and hand by hand with the gradient formulation of the flow they became important tools for the proof of Thurston's geometrization conjecture. Recently, it has been shown that the W −entropy for the Ricci flow has a clear interpretation as the derivative of the difference between the Boltzman-Shannon entropy of the heat kernel measure and the Boltzman-Shannon entropy of the gaussian measure [40] [41] [42] . We would like to define a W-entropy and study its behaviour under RG-2 flow. The gradient formulation for the RG-2 flow is not known, here we will argue in favour of its existence and give some clues about the construction. A good start is the gradient formulation of the Ricci flow. We will now focus on compact three dimensional manifolds and give a brief summary here. Let M be a 3-dimensional compact riemannian manifold, let us define the following functional
Here h ab denotes the riemannian metric defined on M , f ∈ C ∞ (M ) and R is the scalar curvature of h ab . The integration measure is dv and it is constrained such that dµ = e −f dv remains fixed along the flow. In [1] Perelman showed that the gradient flow with respect to the metric in M × C ∞ (M ) is given by the following system of partial differential equations:
Together with the functional F Perelman defined a functional W called entropy:
where τ > 0, and as before it is imposed the constraint
He gave a remarkable proof, assuming that (h ab , f, τ ) satisfy
then the variation of the W-entropy under Ricci flow is given by
The W-entropy is monotonic increasing in λ, except for the shrinking solitons (M, h ab , f ) that by definition satisfy
According to the Perelman's probability interpretation, if there is a partition function Z β in a canonical ensemble where the density of states measure is given by g(E)dE then the partition function Z =
where we have set τ = β −1 . Morever,
Since the apparition of Perelman works there has been a lot of efforts for understanding the entropy in different contexts. In [41] , starting with the heuristic interpretation of the Wentropy given by Perelman in the context of statistical mechanics, Li gave a probabilistic interpretation of this entropy for the heat equation , F is called the Helmholtz free energy function. As the reader should have noticed, the interpretation in the context of statistical mechanics is completely based in the definition of the partition function Z, once we have defined it all "macroscopic" quantities can be calculated. There is no physical interpretation for the partition function defined in (A.11). In section 2.1 we presented the definition of steady gradient solitons where the α term is the extra contribution because of the higher curvature terms, therefore we expect that the evolution of a W -2-entropy under the RG-2 flow should be of the form
where dm is a measure satisfying M dm = 1. In this case the W 2 would be monotonous under the RG-2 flow. Here we need to specify the weighted measure dm which for the case of the Ricci flow was udv with u given by the heat kernel function (a solution of the conjugated linear heat equation). Similarly the functional F should include scalar functions built by higher order curvature terms, namely R 2 ,R ab R ab ,R abcd R abcd . Nobody knows that the Ricci flow was a gradient flow until Perelman found the formulation, but in the context of physics, and since the Ricci flow is the first order approximation of the RG flow for the σ-model it was suspected that it was the case. Similarly, we expect that the RG-2 flow has also a gradient formulation. [30] Finally, there are some ways to explore the relationship between the W entropy and the entropy of a black hole. In [39] they applied some of the Perelman ideas to the General relativity scenario, looking for a relationship between the entropy of a black hole with the W-entropy. They studied the fixed points of the Ricci flow and showed that Schwarzschild can not be a fixed point of the flow, and therefore the W-entropy was not related to the Beckestein-Hawking entropy. They proposed a modified flow together with an evolution equation for f The equation (2.14) has to be satisfied for the solitons at the beginning of the flow, and it will be satisfied for any finite time T . However, we know that coupling the eq. (A.25) to A.27 does not work. We need to provide a nonlinear "heat" equation in order to make (A.26) a soliton [30] .
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